A topological analysis of intracule and extracule densities and their Laplacians computed within the Hartree-Fock approximation is presented. The analysis of the density distributions reveals that among all possible electron-electron interactions in atoms and between atoms in molecules only very few are located rigorously as local maxima. In contrast, they are clearly identified as local minima in the topology of Laplacian maps. The conceptually different interpretation of intracule and extracule maps is also discussed in detail. An application example to the C 2 H 2 , C 2 H 4 , and C 2 H 6 series of molecules is presented.
I. INTRODUCTION
In recent years, the study of the electronic characteristics of atoms and molecules has experienced a novel impulse. The constant urge to explore new alternative ways for analyzing the information contained in the electronic wave function of molecular systems has driven the attention from the widely established topological analyses based on oneelectron densities 1 to those based on electron-pair densities. 2 However, an electron-pair density, 3 ⌫(r 1 ,r 2 ), is a function of six variables and hence its topology is difficult to represent and analyze in detail. To overcome this inconvenience, one can make use of the electron intracule and extracule densities, 4 which have the advantage of reducing the dimensionality of the electron-pair density without losing its original two-electron character.
For a pair of electrons, definition of the intracule coordinates as rϭr 1 Ϫr 2 and the extracule coordinates as Rϭ(r 1 ϩr 2 )/2 allows us to express the intracule, I(r), and the extracule, E(R), densities as I͑r͒ϭ ͵ ⌫͑r 1 ,r 2 ͒␦͓͑r 1 Ϫr 2 ͒Ϫr͔dr 1 dr 2 , E͑R͒ϭ ͵ ⌫͑r 1 ,r 2 ͒␦͓͑r 1 ϩr 2 ͒/2ϪR͔dr 1 dr 2 .
Accordingly, I(r) and E(R) are the probability density functions for the interparticle distance and for the center of mass of an electron pair, respectively. I(r) is invariant to translations of the molecule and has a center of inversion at the origin. In contrast, E(R) reflects the spatial arrangement of the nuclear framework and its origin depends upon the molecular coordinates.
Besides I(r) and E(R), evaluation of their respective Laplacians ٌ͓ 2 I(r) and ٌ 2 E(R)͔ has been barely considered. It is well-known that the sign of the Laplacian of a function allows us to detect where the function is locally concentrated ͑negative values͒ and where it is locally depleted ͑positive values͒. For instance, this property gives to the Laplacian of the one-electron density the ability to reveal the shell structure of atoms in molecules. 1 Extension of its use to molecular electron-pair density distributions is one of the goals of the present work.
In addition, the present knowledge of the topological properties of I(r) and E(R) is limited and so that of their Laplacian distributions too. In this sense, a well established property of I(r) is the existence of the electron coalescence cusp at rϭ0. [5] [6] [7] [8] However, approximate I(r) from HartreeFock ͑HF͒ wave functions do not possess this electron coalescence cusp, as their spherically averaged gradient vanishes at the origin. Despite this peculiar behavior, it has been recently shown that the main topological features of accurate I(r) are already manifested in approximate I(r) from HF calculations.
2 Thus, as a first approximation, in this work I(r) and E(R) densities and their corresponding Laplacians will be computed at the HF level of theory.
So far, I(r) and E(R) calculations have been mainly performed on atomic systems [8] [9] [10] and small molecules.
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Calculations of their Laplacians are even more uncommon and have been restricted to atoms. 9, 10 In this aspect, the recent description of a more efficient algorithm to compute I(r) and E(R) ͑Ref. 14͒ provides a way to scrutinize in more detail the topology of electron-pair densities in small molecules and to extend this kind of analyses to larger molecules. 2 The aim of this work is to study the practically unexplored topology of ٌ 2 I(r) and ٌ 2 E(R) distributions in molecules and to show their relevance for identifying electronelectron interactions as compared to I(r) and E(R) distributions. The following sections contain, first, a description of the computational methods used and, second, an application example to the C 2 H 2 , C 2 H 4 , and C 2 H 6 series of molecules.
II. COMPUTATIONAL METHODS
Molecular geometries were optimized at the HF/6-31G* level of theory by means of the series of programs. 15 The resulting molecular coordinates were then mass-centered to make the origin of E(R) and ٌ 2 E(R) distributions correspond to the molecular center of mass. Calculations of I(r) and E(R) densities and their respective Laplacian distributions were performed following the algorithm recently described by Cioslowski and Liu, 14 which allows for fast evaluations on large grids of points. In all calculations, the integral neglect threshold was set to 10 Ϫ5 . 14 Characterization of electron-electron interactions was carried out through location of local maxima in electronpair density maps and local minima in their Laplacian distributions.
III. APPLICATION EXAMPLES
The C 2 H 2 and C 2 H 4 molecules have been selected as application examples. The simplicity conferred by their high symmetry makes them particularly adequate to analyze visually the complex topology of the different electron-pair and Laplacian distributions and to perform a detailed study of the variety of electron-electron interactions present in these molecules. For the sake of completeness, the C 2 H 6 molecule will be later considered in the Discussion to examine the trends followed by those distributions in this series of molecules. For all molecules, the two carbon atoms define the x axis, while positions of the hydrogens define the xz plane in C 2 H 4 . Figure 1 depicts the set of I(r), E(R), ٌ 2 I(r), and ٌ 2 E(R) topological maps for C 2 H 2 . At first glance, the topologies of I(r) and E(R) ͓Figs. 1͑a͒ and 1͑b͔͒, on one side, and ٌ 2 I(r) and ٌ 2 E(R) ͓Figs. 1͑c͒ and 1͑d͔͒, on the other side, look qualitatively very similar. However, this visual impression is only caused by the high symmetry of the C 2 H 2 molecule. As will be shown below, the interpretation of local maxima in I(r) and E(R) and local minima in ٌ 2 I(r) and ٌ 2 E(R) is conceptually different in intracule and extracule distributions, despite being visually similar in this case.
A. C 2 H 2
From a qualitative point of view, another visual aspect worth being remarked from Figs. 1͑c͒ and 1͑d͒ is that the topology of the molecular ٌ 2 I(r) and ٌ 2 E(R) maps reveals the shell structure of atoms in the molecule, as previously noted by Sarasola et al. 10 for isolated atoms. In particular, the two shells of carbon atoms can be clearly identified. However, it must be clarified that, although visually similar to the shell structure revealed by the Laplacian of oneelectron densities, the interpretation of shells in the topology of ٌ 2 I(r) and ٌ 2 E(R) distributions ͑in terms of the type and number of electrons contributing to these shells͒ is essentially different. For instance, one must be aware that carbon core-electron pairs will all furnish the carbon inner-shell but that, in addition, contributions from the valence-electron pairs having a given probability of either being at short interelectron distances ͓in ٌ 2 I(r)͔ or having their centers of mass in the neighborhood of the carbon center ͓in ٌ 2 E(R)͔ should be also considered. A more detailed quantitative discussion on this specific subject will be found elsewhere. 16 Table I collects a list of some of the local minima located in the topology of the ٌ 2 I(r) and ٌ 2 E(R) maps depicted in Fig. 1 . Each local minimum is characterized by its position along the x axis and the values of the corresponding density and Laplacian on top of this position. Due to the above mentioned inherent symmetry of these maps, all unique local minima in Laplacian maps ͑and all unique local maxima in density maps͒ can be located by considering only one half side of the maps in Fig. 1 ͑left or right͒. Thus, for the sake of simplicity, only coordinates of the local minima in ٌ 2 I(r) ͓Fig. 1͑c͔͒ and ٌ 2 E(R) ͓Fig. 1͑d͔͒ located in the right-hand side of the maps are presented.
In Table I , each local minimum has been mainly associated with a set of electron-electron interactions, 17 which have been labelled following a particular notation: ͕C i C j ͖ refers to the set of intercarbon electron interactions; ͕C i H j ͖ to interatomic electron interactions between a carbon and its bonded hydrogen; ͕C i H j ͖ to interatomic electron interactions between a carbon and a hydrogen bonded to the other carbon atom; ͕H i H j ͖ to interhydrogen interactions; and ͕C ii ͖ and ͕H ii ͖ to intra-atomic interactions. The interaction labeled as 0 refers to the local minimum at the origin of the Laplacian maps ͑local maximum in density maps͒. Actually, it is a very special point in all electron-pair distributions as it gathers usually contributions from different electron-electron interactions. For instance, at the HF level of theory, all atoms collectively contribute to the origin in intracule distributions whereas, if molecular coordinates are previously masscentered, all electron pairs being invariable upon a symmetry-inversion operation will contribute to the origin in extracule distributions. The first interesting aspect that can be extracted out of Table I is that, as regards to the assignment of the 6 types of electron-electron interactions to local minima in Laplacian distributions, ٌ 2 I(r) and ٌ 2 E(R) fully complement each other. Therefore, while the sets of ͕C i C j ͖, ͕C i H j ͖, and In summary, for the sake of clarity and considering only the right-hand side of ٌ 2 I(r) and ٌ 2 E(R) maps depicted in Figs. 1͑c͒ and 1͑d͒, respectively, the assignment and relative spatial arrangement of the different types of electronelectron interactions present in C 2 H 2 can be illustrated schematically as
which may help to appreciate the conceptual difference between ٌ 2 I(r) and ٌ 2 E(R).
B. C 2 H 4
The series of I(r), E(R), ٌ 2 I(r), and ٌ 2 E(R) topological maps corresponding to the C 2 H 4 molecule, in the plane containing all atoms, is depicted in Fig. 2 . As in the case of the C 2 H 2 molecule, the symmetry of C 2 H 4 confers to I(r) and E(R) ͓Figs. 2͑a͒ and 2͑b͔͒, on one side, and to ٌ 2 I(r) and ٌ 2 E(R) ͓Figs. 2͑c͒ and 2͑d͔͒, on the other side, a qualitatively similar look. However, as will be shown be-TABLE I. Internuclear distances ͉͑D AB ͉ in a.u.͒ and coordinates ͑x in a.u.͒, intracule and extracule densities ͓I(r) and E(R) in a.u.͔ and Laplacian values ٌ͓ 2 I(r) and ٌ 2 E(R) in a.u.͔ of the different electron-electron interactions assigned to local minima in Laplacian maps for C 2 H 2 . Fig. 2 , characterized by their position on the xz plane and the values of the corresponding density and Laplacian on top of this position. In this case, due to the symmetry of C 2 H 4 , consideration of only one quarter of the maps in Fig. 2 is sufficient to locate the set of unique local maxima and minima in density and Laplacian maps, respectively, and thus only coordinates of the local minima in ٌ 2 I(r) ͓Fig. 2͑c͔͒ and ٌ 2 E(R) ͓Fig. 2͑d͔͒ located in the upper-right quarter of the maps are presented.
In Table II , each local minimum has been mainly associated with a set of electron-electron interactions. In comparison to the electron-electron interactions discussed above TABLE II. Internuclear distances ͉͑D AB ͉ in a.u.͒ and interelectron distances ͉͑r ab ͉ in a.u.͒, interelectron centers of mass ͉͑R ab ͉ in a.u.͒, coordinates ͑x z in a.u.͒, intracule and extracule densities ͓I(r) and E(R) in a.u.͔ and Laplacian values ٌ͓ 2 I(r) and ٌ 2 E(R) in a.u.͔ of the different electron-electron interactions assigned to local minima in Laplacian maps for C 2 H 4 . The assignment of the main types of electron-electron interactions in C 2 H 4 to local minima in ٌ 2 I(r) and ٌ 2 E(R) maps is also is also included in Table II 
which again permits us to illustrate more clearly the subtle differences in the conceptual interpretation of ٌ 2 I(r) and ٌ 2 E(R) maps.
C. Discussion
Comparison of results presented above for the C 2 H 2 and C 2 H 4 molecules will allow explaining in more detail some aspects that, for the sake of clarity at that stage, were not rigorously discussed in the previous sections. In addition, throughout this section, reference to results obtained for the C 2 H 6 molecule will be used, when necessary, to analyze the trends followed by this series of molecules.
A general observation from distance values in Tables I and II is that, except for the set of ͕C i C j ͖ interactions, electron-electron interatomic interactions are found at interelectron distances slightly closer than the corresponding internuclear distances. This trend is evident in electronelectron interactions between a carbon and a hydrogen atom, and is even more emphasized in those interactions between hydrogens. For instance, for C 2 H 2 in Table I 
This same trend is also followed by I(r) and E(R) values at the origin ͑containing an ensemble of electronelectron interactions generally labeled as 0 in this work͒. For the particular case of the intracular coalescence density ͓I(0)͔, a simple reason for this trend in the C 2 H 2 , C 2 H 4 , and C 2 H 6 series of molecules can be found in the fact that, since under the Hartree-Fock approximation all atoms contribute to I(0), the more hydrogens ͑i.e., the more electrons͒ the molecule possesses, the larger the I(0) value. However, an alternative explanation from the perspective of one-electron densities can be derived when combining the findings reported in some recent studies. 18, 19 On the one hand, Ugalde and Sarasola 18 showed that, under the Hartree-Fock approximation, evaluation of I(0) can be performed through a functional of the one-electron density function as I͑0͒ϭ1/4•͗͘; ͗͘ϭ ͵ ͑r͒͑r͒dr.
On the other hand, and from a completely different point of view, Solà et al. 19 reported ͗͘ values for atoms from H to Xe and for several series of isoelectronic molecules. The study showed that ͗͘ can be actually taken as a measure to quantify electron density concentration: the more locally concentrated the electron density distribution, the larger the ͗͘ value. For example, ͗͘ Ne is larger than ͗͘ HF because, even though they are isoelectronic systems, the same amount of electron density is more locally concentrated in the Ne atom than in the HF molecule. Consequently, I(0) Ne ϾI(0) HF . Evaluation of ͗͘ for the C 2 H 2 , C 2 H 4 , and C 2 H 6 series of molecules yields 63.312, 63.388, and 63.460 a.u., respectively ͓which correspond exactly to four times the I(0) values reported in Tables I and II for C 2 H 2 and C 2 H 4 ͔. This means that the electron density distribution at the HF/6-31G* level of theory follows the trend C 2 H 6 ϾC 2 H 4 ϾC 2 H 2 , from the more to the less locally concentrated. The main reason for the difference in the electron density concentration along this series of molecules is the two-hydrogen ͑i.e., two-electron͒ difference between each molecule, as ͗͘ H is ϳ0.04. 19 This is quantitatively evidenced by the fact that ⌬͗͘ between two consecutive molecules in the series is practically constant ͑⌬͗͘ ϭ0.072 a.u. between C 2 H 6 and C 2 H 4 and ⌬͗͘ϭ0.076 a.u. between C 2 H 4 and C 2 H 2 ͒, the final small difference between the two ⌬͗͘ values ͑0.004 a.u.͒ being attributed to the particular internuclear electronic reorganization in each molecule, essentially related to the strengthening of the carboncarbon bond.
An opposite behavior to the above mentioned general trend is found when comparing, on one hand, I(r) values on the positions of the local minima in ٌ 2 I(r) assigned to the set of ͕C i C j ͖ interactions and, on the other hand, E(R) val- Among the different electron-electron interactions mentioned above, the assignment to a local minimum in the ٌ 2 E(R) maps of what have been identified as ͕H ii ͖ interactions deserves some additional comments. Their presence can be better understood if one considers this kind of electron-electron interactions as a reflect of, using a valencebond language, the contribution of ionic structures ͑formally represented as H Ϫ ͒ to the total molecular wave function. As it is well known, under the Hartree-Fock approximation the contribution of ionic structures is strongly exaggerated, and this fact could explain their clear identification in Figs. 1͑d͒ and 2͑d͒. The use of wave functions accounting for electron correlation effects should diminish the extent of the region assigned to ͕H ii ͖ interactions where ٌ 2 E(R) is locally concentrated or even eliminate their appearance in the present ٌ 2 E(R) maps. 16 Up to this point, no specific reference to electronelectron interactions involving electrons of the carbon valence shell has been made to simplify the arguments leading to a fundamental understanding of the interpretative aspects of ٌ 2 I(R) and ٌ 2 E(R) maps. This type of interactions certainly contribute to some extent to the different local minima regions, and thus at this stage it would be interesting to discuss the possibility of its identification in Laplacian maps. For this purpose, calculations of I(r) and ٌ 2 I(r) for C 2 H 2 , C 2 H 4 , and C 2 H 6 along the x axis have been performed, and the results are depicted in Fig. 3 . At first look, the shape of ٌ 2 I(r) for C 2 H 2 ͓Fig. 3͑a͔͒ reveals two new local minima that were not previously considered in Table I . The position on the x axis ͑marked with a dotted line͒ of the first new local minimum is found at 1.022 a.u. ͑between the local minima assigned to the 0 and ͕C i C j ͖ interactions in Table I͒, while the second is located at 3.343 a.u. ͑between the local minima assigned to the ͕C i C j ͖ and ͕C i H j ͖ interactions in Table I͒ .
Focusing our attention in the first new local minimum (xϭ1.022 a.u.), it can be observed that it appears as an assymmetric well in Fig. 3͑a͒ . However, interestingly enough, inspection of the ٌ 2 I(r) shape for C 2 H 4 ͓Fig. 3͑b͔͒ evidences a shoulder in the spatial position where the single asymmetric well was originally located, and it envolves towards a double well in the shape of ٌ 2 I(r) for C 2 H 6 ͓Fig. 3͑c͔͒. In this latter case, the two local minima of the double well are located at 1.015 and 1.803 a.u., thus showing that the position of the local minimum in the original assymmetric well has been approximately maintained. It seems then clear that the original single local minimum and the final two local minima can be assigned to electron-electron interactions involving electrons of the carbon valence shell; in C 2 H 2 the valence shells of the two carbons almost overlap completely, and the sets of core electron-valence electron intrac-arbon (͕C i C i ͖) and intercarbon (͕C i C j ͖) interactions furnish a single local minimum; as the carbon-carbon distance is lengthened, the ͕C i C i ͖ interactions remain at about the same position, whereas the set of ͕C i C j ͖ interactions begin to appear at larger distances, appearing finally in the form of a double well for the C 2 H 6 molecule. The use of this kind of analysis on a series of related molecules can be a good strategy when attempting to separate contributions from different sets of electron-electron interactions in about the same spatial region.
IV. CONCLUSIONS
The topologies of intracule and extracule densities have been compared to those of their respective Laplacians for the C 2 H 2 , C 2 H 4 , and C 2 H 6 series of molecules. While only two local maxima were rigorously characterized in I(r) and E(R) maps, identification of the local minima in the topology of ٌ 2 I(r) and ٌ 2 E(R) distributions allowed a more detailed analysis of the different types of electron-electron interactions present in the molecules and permitted the assignment of their most probable spatial situation. However, when compared to the ease of interpretation of molecular one-electron densities and Laplacians, it has been shown that a correct interpretation of molecular intracule and extracule density and Laplacian distributions requires a much more careful examination. The fact that several electron-electron interactions may contribute to close regions in space ͑spe-cially in intracule distributions͒ introduces an additional difficulty when trying to perform a precise interpretation of the maps and attempt a quantitative study of the contribution of each particular interaction. Despite these inherent difficulties, the relevance of the Laplacian of intracule and extracule distributions for analyzing electron-electron interactions in molecules has been clearly manifested. This property makes the topology of these Laplacians a particularly promising tool to be applied in the study of a wide range of aspects in chemical problems. More research in this direction is underway in our laboratory.
ACKNOWLEDGMENTS
This work has been supported by the Spanish DGICYT Project No. PB95-0762. X.F. benefits from a Doctoral fellowship from the University of Girona. We thank also the Centre de Supercomputació de Catalunya ͑CESCA͒ for a generous allocation of computing time. FIG. 3 . Intracule density ͑dashed lines͒ and its Laplacian ͑solid lines͒ for ͑a, top͒ C 2 H 2 , ͑b, middle͒ C 2 H 4 , and ͑c, bottom͒ C 2 H 6 along the axis defined by the two carbon atoms.
